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I. INTRODUCTION

A. Why topological phases of matter

Topological phases of matter are among the most robust
phases of nature [1, 2]. Their many-body wavefunction cannot
be describedwith purely localized orbitals, and the information
that defines these phases is stored non-locally, spread over
the entire system. Therefore, their physical properties, such
as their metallic boundary states or quantized responses to
external fields, are protected from local perturbations, such as
defects, impurities, or other material imperfections.

The second defining characteristic is that they have funda-
mentally different resposnses to external perturbations (e.g.
electromagnetic fields). Topological phases are defined by ob-
servables which depend only on combinations of fundamental
constants, like e, h, or c, rather than on microscopic details,

like the Fermi wave-vector, or the density of impurities. For
example, the Hall conductivity of two-dimensional insulators
is quantized by an integer times e2/h.
Topological phases and properties are found in quantum sys-

tems like electrons in insulators [1, 2] andmetals [3], ultra-cold
atomic lattices, superconductors, or particle physics. They are
also found in classical systems, like acoustic and photonic [4]
metamaterials, mechanical systems [5] and even Earth’s cli-
mate. In essence, any system that has a band structure can
have topological phases. They can also occur in strongly inter-
acting systems [6] of bosons, fermions, and even anyons (i.e.
particles that, when exchanged, acquire an arbitrary phase eiθ
rather than a ±1). Even systems without translational sym-
metry, like disordered systems and amorphous matter can be
topological [7].
The classification of topological phases complements that

of symmetry breaking. If you imagine a system of spins, these
are disordered at high-temperatures by thermal fluctuations.
At low temperatures they might order, say, into a ferromag-
netic state, with all spins pointing up. The order parameter
that captures the spontaneous breaking of rotational symme-
try (the symmetry of the high-temperature state) is the local
magnetization. Topological phases and cannot, by definition,
be described by local order parameters.

B. What is a topological insulator

The basic property of an insulator is the absence of electri-
cally conductive states. The simplest of all insulators is the
atomic insulator, a set of disconnected atoms with electrons
forming closed shells. If these atoms form a crystal lattice, we
may use Bloch’s theorem to combine these shells into energy
bands separated by finite gaps. Since electrons are bound to
the atoms they lack kinetic energy, and the bands En(k) are
exactly flat as a function of crystal momentumk. Now imagine
slowly bringing these atoms together, forming covalent bonds
in the process. The electronic bands may now disperse with k,
and the gap sizes can change. If at all stages in the process we
retained the existence of a band gap we may say that the two
insulators, the atomic limit and the covalently bonded solid,
are smoothly connected to each other by varying a parame-
ter, in this case the strength of the covalent bonding. We call
the insulators connected to the atomic insulator in this way
topologically trivial insulators.

Topological insulators present fundamental obstructions to
reach the atomic limit. The smooth process that connects
them to the atomic insulator will always lead to a gap closing,
and with it, fundamentally different responses. This defines
topological insulators as insulators that cannot be smoothly
transformed into an atomic limit. In many instances this ob-
struction is due to an underlying symmetry; there is no path
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that simultaneously keeps the gap open and respects the sym-
metry. For some insulators, the obstruction can be avoided by
simply adding additional bands. These are called fragile topo-
logical insulators (one example is the Hopf insulator, which is
only topologically sable if a system has exactly two bands).

C. Classification of topological phases

How can we classify topological phases? First we have
to define the statistics of the particles we want to describe:
are they fermions, bosons or anyons? The wave-function of
two fermions (bosons) acquires a minus (plus) sign when we
exchange two of these particles. Anyons when exchanged ac-
quire a phase, or amatrix of phases. Wewill ignore anyons and
bosons for the moment. Then we need to define whether the
phasewewant to describe is gapped or gapless. Gapped phases
are topological insulators, while gapless topological phases are
labeled topological metals. Lastly we need to specify if we are
considering phases with long-range or short-range entangle-
ment. I will ignore this latter distinction for the moment, until
the end of the notes, but loosly speaking, long-range entangled
phases require strong correlations between particles. These
are generated by for example, strong Coulomb interactions
(like in the Fractional quantum Hall effect).

Once this information is specified we will be asking three
questions to classify our systems:

• What are the symmetries of the system?

• What is the system’s dimensionality?

• What are the possible topological phase that can exist
given the above?

We start by a recap with tight-binding Hamiltonians, to
which we will be asking these questions.

II. RECAP: SECOND-QUANTIZATION TIGHT-BINDING
HAMILTONIANS

The Tight-Bidning (TB) approximation relies on assuming
that electrons hop from site to site with a given probability.
In this approximation we do not really care where atoms are
sitting precisely, we just care about the connectivity of the
lattice and its symmetries. Lets set symmetries aside for the
moment.

A. Example: 1D tight-binding chain

We want to write the Hamiltonian of an infinite 1D chain of
L sites with spinless electrons hopping on it with an amplitude
t (see Fig. 1a.). We need to define how electrons are created
an anhilated at a given site i. This we do with the creation and
anhilation operators c†i and ci that satisfy the commutation
relations (12).

a

b

Figure 1. a. Lattice in real space with the unit cell. The lattice
spacing is a and the hopping amplitude between nearest-neighbours
is t. b. Dispersion relation resulting from Eq. (11).

{ĉi, ĉ†j} = δij , {ĉi, ĉj} = {Ψ̂†I , Ψ̂
†
J} = 0 (1)

They act on the space of occupation numbers, meaning they
act on wavefunctions that look like |n1, n2, · · · , nN 〉 where
ni is the occupation number (how many particles are there)
at a given site i. Thus creating an electron on site two of
an empty lattice amounts to act with c†2|0, 0, 0, · · · , 0, 0〉 =
|0, 1, 0, · · · 0, 0〉, where an electron has been created at site i.
Since we are considering a spinless problem, only one electron
is allowed per site. The electron operator acting on a given
site i (I omit the site index) thus satisfy:

ĉ†|0〉 = |1〉, ĉ|0〉 = 0, (2)
ĉ†|1〉 = 0, ĉ|1〉 = |0〉, (3)
ĉ†ĉ|n〉 ≡ n̂|n〉 = n|n〉, n = 0, 1 (4)

We have introduced the density operator n̂i which counts how
many particles there are at a given site i. This type of operators
act in what we called second-quantized basis. Don’t care
too much about the name (you can find more explanations
in standard textbooks like Bruus and Flensberg [8]), it just
means that instead of thinking about quantum mechanics as
you learn in undergrad, it is more practical to think in terms of
the "occupation" basis.

We are now in position towrite our second-quantizedHamil-
tonian

H =

L∑
i

tĉ†i ĉi+1 + tĉ†i+1ĉi + µn̂i (5)

Here the first terms tells us how a particle hops from sites
i+ 1 to i while the second tells us how it hops from i to i+ 1.
Because theHamiltonian needs to be hermitian, it is customary
to not write the second term and just write h.c. for hermitian
conjugate. The last term fixes the density of electrons at a
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chemical potential µ. Note that we have assumed that hopping
terms between second neighbors and beyond are zero. For a
periodic chain we can also rewrite the second term as

H =

L∑
i

tĉ†i ĉi+1 + tĉ†i ĉi−1 + µn̂i (6)

Nowwe can use the translational symmetry of the chain to find
the dispersion relation (Energy versus momentum k)

ĉ†i =
1√
L

∑
k

eikxi ĉ†k (7)

ĉi =
1√
L

∑
k

e−ikxi ĉk (8)

with k = 2πn/L, which are the allowed momenta for a peri-
odic lattice of length L. Introducing this into the Hamiltonian
(6) and using that the lattice spacing is xi+1 − xi = a we get:

H =
1

L

∑
ikk′

t
(
e−i(k−k

′)xie−ika + e−i(k
′−k)xieik

′a + µ
)
ĉ†k′ ĉk

(9)
Using the completeness relation:∑

i

e−i(k−k
′)xi = Lδkk′ (10)

we get

H =
∑
k

E(k)ĉ†k ĉk, E(k) = 2t cos(ka) + µ (11)

The dispersion relation is shown Fig. 1b.
The name of the (topological) game is to understand the

symmetries of H and classify all possible phases. But I am
getting ahead of myself. Before that note that in this example,
to find the dispersion relation it was enough to express our
chain in momentum space because we only had one degree of
freedom (occupation: a site can either be empty or occupied).

B. General non-interacting second-quantized Hamiltonians

In general, non-interacting second-quantized Hamiltonians
(including (5)) can be written as:

Ĥ =

N∑
IJ

Ψ̂†IhIJΨ̂J (12)

in terms of the first-quantized (or single-particle) Hamilto-
nian hIJ with operators that satisfy cannonical commutation
relations

{Ψ̂I , Ψ̂
†
J} = δIJ , {Ψ̂I , Ψ̂J} = {Ψ̂†I , Ψ̂

†
J} = 0 (13)

The indices I and J encode all N degrees of freedom
(e.g. site, orbital, spin...). For example, the single particle
Hamiltonian for two sites with two spins corresponds to a
4× 4 matrix hIJ with I and J representing i, σ, and i = 1, 2

a

b c

Figure 2. a. The SSH model has two types of hopping, strong and
weak. When adding the extra on-site energy ∆ it becomes the Rice-
Mele Model. For a finite δ we say that the chain is dimerized. The
corresponding dispersion relations without and with dimerization are
shown in b. and c..

and σ =↑, ↓.

For crystal systems a typical workflow is to express H in
momentum space, which will leave us with a first-quantized
Hamiltonian in momentum space hIJ(k). To obtain the eigen-
values Es(k) (the bands), where s runs over the number of
degrees of freedom, we have to diagonalize hIJ(k). In our
simple example, hIJ was just a number, so no diagonalization
was needed!
Next, an historically relevant examplewherehIJ is amatrix.

C. Example 2: SSH and Rice-Mele model

The SSH model was conceived in 1979 by Su, Schrieffer
and Bardeen tomodel polyacetylene a 1D carbonmolecule [9].
As we will see, it is a nice model for topological phases in 1D.
Polyacetylene is a chain of carbon atoms. In it, the different

carbon atoms are connected by two different bonds with hop-
ping parameters t(1− δ) and t(1 + δ) (see Fig. 2a). Thus we
need a two site unit cell; we label the two carbon atoms in it A
and B. The second-quantized Hamiltonian is

H = t

L∑
i=1

[
(1−δ)c†A,icB,i+(1+δ)c†B,icA,i+1 +h.c.

]
(14)

The site index i no labels the unit-cell, and in each unit cell
there are two types of atomsA and B. Again we go to momen-
tum space using (7) and (8) such that

cα,i =
1√
L

∑
k

ei
~k·~rick,α,

Note that here we need an extra index α to refer to orbitals
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A or B. The Hamiltonian can thus be rewritten in the form of
(12) (in momentum space) as:

H =
∑
k∈BZ,
α∈A,B

c†α,khαβ(k)cβ,k, (15)

where (setting t = 1 for now on)

hαβk =

(
0 (1− δ) + (1 + δ)eika

(1− δ) + (1 + δ)e−ika 0.

)
At this point we assume that the lattice spacing is a = 1,

dropping it out of any further expressions. From your Algebra
course you might remember that any Hermitian 2 × 2 matrix
can be expressed in terms of Pauli matrices (σi, i = x, y, z)
plus the 2×2 identity matrix (σ0), because these four matrices
are a complete basis. You can find them in Appendix D. Using
them we can rewrite hαβk as

hαβk = [(1− δ) + (1 + δ) cos k]σx +

+ [(1 + δ) sin k]σy + 0 · σz + 0 · 1 (16)
≡ ~dk · ~σ + εkσ0 (17)

where we εk = 0 in this example and we have defined a vector

~dk =
(

(1− δ) + (1 + δ) cos k, (1 + δ) sin k, 0
)
.

Diagonalizing this Hamiltonian is analtytically possible for
any ~dk and εk and results in two bands

E±k = ±|~dk|+ εk. (18)

For our particular case this reads

E±k = ±
√
d2
x + d2

y + d2
z + εk (19)

= ±
√

((1− δ) + (1 + δ) cos k)2 + ((1 + δ) sin k)2

The bands are shown in Fig. 2b and c. When δ = 0 there
is no energy for which we do not cross a gap, so the model
is gapless. For finite δ the model is dimerized and the bands
become gapped.

One more thing. Note that if we would have added an onsite
energy for the A and B sites of m and −m respectively this
would have introduced a term

Hm = m

L∑
i=1

[
c†A,icA,i − c

†
B,icB,i

]
(20)

The SSH Hamiltonian plus Hm are known as the Rice-Mele
model, and is a classical model of 1D semiconductors with
broken inversion symmetry (you will see why later on).

If we proceed as beforeHm would have added a σz term in
hαβk

hαβk = [(1− δ) + (1 + δ) cos k]σx +

+ [(1 + δ) sin k]σy +m/t · σz + 0σ0 (21)

Thus εk = 0 and

~dk =
(

(1− δ) + (1 + δ) cos k, (1 + δ) sin k,m
)
.

A finite ∆ results in a gap too, which you can check by plotting
the updated bands

E±k = ±
√
d2
x + d2

y + d2
z + εk (22)

= ±
√

((1− δ) + (1 + δ) cos k)2 + ((1 + δ) sin k)2 +m2

However, we will see that the symmetry properties of a Hamil-
tonian with only δ or only m are very different! So lets learn
how to deal with symmetries.

III. SYMMETRIES

The concept of symmetry is deeply rooted in our under-
standing of condensed matter, and topological insulators and
metals are not an exception. Although topological phases can
exist in the absence of any symmetry, symmetry enriches their
classification, and allows to express the topological invariants
that define these phases and their responses in mathematically
simple ways. We first give a bit of background and then review
unitary and non-unitary symmetries.

A. Unitary Symmetries

Perhaps without noticing, you have already seen an exam-
ple of unitary symmetry, which is the invariance under lattice
translations, which allowed us to write (7) and (8). We decom-
posed H into different "Hamiltonian blocks", one for each k.
For the 1D chain these blocks were one-dimensional, and thus
we diagonalized the Hamiltonian. For the SSH and Rice-Mele
models, each k-block was two-dimensional, and thus we still
had to diagonalize it further.
This is a general thing that happenswith unitary symmetries:

If your Hamiltonian is symmetric (we will formalize this in
shortly) you can find a basis where it can be expressed as a
Block diagonal matrix.
Consider a fermionic system described by general second-

quantized Hamiltonian, H (12) and canonical relations (13).
A system is symmetric under the action of a unitary symmetry
if 1) the canonical commutation relations are preserved and
2) the Hamiltonian matrix in second-quantization commutes
with the unitary matrix that represents the symmetry.
A unitary symmetry is a symmetry that changes the

fermionic operators with a unitary matrix such that

Ψ̂I → Ψ̂
′

I =
∑
J

UIJΨ̂J ≡ ÛΨ̂I Û
−1 (23)

Ψ̂†I → Ψ̂
′†
I =

∑
J

Ψ̂†JU
∗
IJ ≡ ÛΨ̂†I Û

−1 (24)

By asking that (13) are preserved under this transformation
we demand that {Ψ̂I , Ψ̂

†
J} = Û{Ψ̂I , Ψ̂

†
J}Û−1, which implies

that UIJ is a unitary matrix (UU† = 1).
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By asking that the Hamiltonian commutes with U ,
ÛĤÛ−1 = Ĥ , we arrive that the single particle Hamiltonian
must satisfy U†hU = h.

WhenU acts on the spatial indices i, j we call it a spatial uni-
tary symmetry (e.g. lattice rotations, inversions, mirrors,...).
WhenU acts on other degrees of freedomwe call it non-spatial
unitary transformation. For example, in the special case where
U acts equally on every site, U =

∏
i Ui, U is a non-spatial

on-site unitary symmetry (e.g. the unitary symmetry that flips
a spin on each site is U =

∏
i σ

i
x).

When a unitary matrix is a symmetry, it commutes with
the second-quantized Hamiltonian H . Thus we can find a
basis where both H and U are block diagonal. Each block is
called an irreducible representation (irrep) of the symmetry.
This block has a common symmetry eigenvalue (colors). Note
irreps do not necessary have the same dimension.

Figure 3. A unitary symmetry diagonalizes the Hamiltonian in
Blocks.

a. Example: Translation symmetry. As mentioned
above, when H is translationally symmetric (we have a pe-
riodic lattice), each block corresponds to a value of k. If we
have no internal degrees of freedom, like in our simpler tight-
binding chain example, each block is one dimensional. If there
are more than degrees of freedom per site then each block is
higher dimensional.

b. Example: Inversion symmetry. Let’s show that inver-
sion Î is a unitary operator. First we consider how it acts upon
the position and momentum operators,

Î x̂Î−1 = −x̂
Î p̂Î−1 = −p̂

Î[x̂, p̂]Î−1 = Ii~I−1

The first relation is by definition inversion: inversion is the op-
eration that flips all spatial coordinates. The second relation
can be intuitively understood from the fact that momentum
must transform as a velocity. Since velocity is a time deriva-
tive of the position operator, which picks up a minus sign,
momentum must also pick up a minus sign under inversion.

Finally, in the third line we have applied inversion at both sides
of the uncertainty principle. We notice that for the left hand
side to be equal to the right-hand side inversion must be a
unitary operator: Î†Î = 1. This is because Wigner showed
that unitary operators do not complex conjugate the quantity
they act on. This is unlike anti-unitary operator can always
be represented as a unitary matrix times complex conjugation
UK.
Now lets see how inversion acts on a simple example: a

molecule with two atoms with electrons hopping between
them. In this case H is a two-dimensional matrix

h =

(
0 t
t 0

)
= tσx.

The eigenvalues are E = ±t and eigenfunctions are
|ψ±〉 = (±1, 1). Inversion interchanges the two atoms from
the center, and thus it is represented by Î = σx, so [h, σx] = 0.
Notice then that |ψ±〉 are even and odd under inversion. Us-
ing the eigenvectors, we can construct a matrix UD (UD has
the eigenvectors as columns) to write h in a diagonal basis
h′ = U†DhUD = −tσz , where the upper (lower) block, which
is one-dimensional, is odd (even) under inversion.

B. Non-unitary symmetries

Unitary operators separate H in blocks. If we block diago-
nalize H by using all unitary transformations allowed by the
symmetries of H and examine one of the block-diagonalized
sections, we have exhausted all of the unitary, commuting op-
erations. But what can we say about the blocks themselves?
We found unitary matrices that commute with the Hamilto-
nian, but we can find antiunitary matrices that either commute
or anticommute with the single-particle blocks of h. These
cases correspond to time-reversal symmetry and particle-hole
(charge-conjugation) symmetry. Their combination will form
a matrix that is unitary but anticommutes with h, which we
call chiral (or sometimes sublattice) symmetry. It is possible
to show [10] that these possibilities are exhaustive and lead to
10 possibilities, which lead to 10 different classes of strong
topological phases.

1. Time-reversal symmetry

By definition the time-reversal symmetry operator as

T̂ : t→ −t. (25)

Its action on the position and momentum operators, we
observe

T̂ x̂T̂−1 = x̂ (26)
T̂ p̂T̂−1 = −p̂. (27)
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When we apply these to the uncertainty principle we find

T̂ i~T−1 = T̂ [x̂, p̂]T̂−1 = −[x̂, p̂] = (28)

which implies that we should have

T̂ iT̂−1 = −i. (29)

From this last equation, we need to demand that T̂ is expressed
as a combination of a unitary matrix and complex conjugation,
i.e. time-reversal is anti-unitary:

T̂ = ÛTK (30)

For T̂ to be a symmetry it commutes with H in second quan-
tization T̂ ĤT̂−1 = Ĥ . Its action on the Fermionic operators
is [11]

Ψ̂I → Ψ̂
′

I =
∑
J

(UT )IJΨ̂J (31)

From T̂ ĤT̂−1 = Ĥ we can derive its action on the first
quantized Hamiltonian:

U†Th
∗UT = h (32)

Note that if an operator Ô is preserved under T̂ , we have
T̂ Ô(t)T̂−1 = T̂ eiĤtÔ(t)e−iĤtT̂−1 = Ô(−t). The condition
on the first quantized hamiltonian is then

Because of its anti-unitary nature, time-reversal can square
to±1. To see this, we can consider the difference between the
time-reversal operator acting on spinful and spinless particles.
Let’s examine T̂ acting on a spin matrix, ~S. By definition
spin is like an angular momentum. Any angular momenta ~L
transform like the vector product of ~x and ~p. Because of (26)
~L, and thus ~S has to change sign with time reversal, and we
have

T̂ ~ST̂−1 = −~S (33)

We can represent this action by a rotation around an axis, say
y and complex conjugation[12]. A rotation by π around the
y axis is represented by the operator e−iπSy thus leading to
T̂ = e−iπSyK. For spin-1/2 particles, ~S = 1

2 (σx, σy, σz).
Therefore T̂ = e−iπσy/2K = −iσyK[13]. Note that in this
case T 2 = −1. However, if we consider particles without spin
(S = 0), it is sufficient to take T̂ = K (there is no rotation
needed!) and T 2 = 1.
There is a fundamental difference between the two possibil-

ities T 2 = ±1 which is that for T 2 = −1 we have Kramers
theorem: under time-reversal symmetry we have doublets of
time-reversed states with the same energy,E. To prove it [14],
start we proceed by contradiction (a different, perhaps more
rigorous proof [12] is given in Appendix B). First, lets as-
sume that |ψ〉 and T̂ |ψ〉 are the same state. Thus, they can
only differ by a phase T̂ |ψ〉 = eiφ|ψ〉. We want to show
that they are a different state, so apply T̂ again, resulting

in T̂ 2|ψ〉 = T̂ eiφ|ψ〉 = e−iφT̂ |ψ〉. Using our assump-
tion that T |ψ〉 = eiφ|ψ〉 on the right hand side we obtain
T̂ 2|ψ〉 = e−iφeiφ|ψ〉 = |ψ〉. This is a contradiction because
we assumed that T̂ 2 = −1!. Thus T |ψ〉 and |ψ〉must be differ-
ent states. However they have the same energy. We remember
that H and T commute, [H,T ] = 0, so we can change the
order of H and T and obtain

HT |ψ〉 = TH|ψ〉 = TE|ψ〉. (34)

Therefore, given a system, there are three possibilities: time-
reversal is not a symmetry, time-reversal is a symmetry with
T̂ 2 = 1, or time-reversal is a symmetry with T̂ 2 = −1. We
have six different possibilities, presented in Table I.

time-reversal is T̂ T 2

Absent 0 x
Present +1 +1
Present −1 −1

Table I. Possibilities of time-reversal symmetries in a system. Usually
we only show the central column.

Lastly it is useful to determine what condition does time-
reversal impose on a first-quantizedHamiltonian inmomentum
space h(k). Consider the general second-quantized Hamilto-
nian in momentum space (13),

H =
∑
k

c†k,αh
β
kck,β , (35)

where k corresponds to momentum and α, β can label orbitals
(but not spin!). Now we need to understand what is the action
of time reversal on

T̂ cα,iT̂
−1 =

1√
L

∑
k

e−i
~k·~ri T̂ ck,αT̂

−1 (36)

=
1√
L

∑
k

ei
~k·~ri T̂ c−k,αT̂

−1, (37)

Note in the last line we changed k → −k. No we apply this to
the full Hamiltonian:

H = T̂HT̂−1 =
∑
k

c†−k,αT̂ h
β
k T̂
−1c−k,β , (38)

which implies that the first quantized hamiltonian has to sat-
isfy:

T̂ hkT̂
−1 = h−k. (39)

Using that T̂ is an antiunitary operator:

UTh
∗
kU
†
T = h−k. (40)

where UT is unitary (UTU†T = 1).
We have to note that if the particles are spinful cα,i,σ , with

σ =↑, ↓ transforms a bit differently (see [12]):

T̂ ci↑T̂
−1 = ci↓, (41)

T̂ ci↓T̂
−1 = −ci↑. (42)

We are now ready to check some examples:
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a. Example: Zeeman field The Hamiltonian of a spin-
1/2 in a magnetic field is h = ~B · ~σ. We can check if this is
time-reversal symmetric by using T̂ = −iσyK and:

T̂ hT̂−1 = − ~B · ~σ 6= h (43)

As it should (see Eq. 33), h is not time-reversal symmetric be-
cause a magnetic field breaks time-reversal symmetry. Think
of a loop of current created by a magnetic field, and reverse the
arrow of time. The current rotates in the opposite direction, as
if the magnetic field was reversed.

b. Example: Graphene Consider a Hamiltonian:

H = kxσx + kyσy (44)

This can be spinless graphene’sHamiltonian around one valley.
Then, taking T̂ = 1K we have

KhkK = kxσx − kyσy 6= h−k (45)

Time-reversal takes us to another Hamiltonian, which happens
to be the Hamiltonian around the other Valley. Thus, a single
valley in graphene breaks time-reversal, but considering the
two valleys will result in a time-reversal symmetric Hamilto-
nian. This is physically reasonable because pristine graphene
does not break time-reversal symmetry.

c. Example: Surface state of a time-reversal invariant
topological insulator Consider the same Hamiltonian:

H = kxσx + kyσy (46)

but now σ encodes the real spin. Then we need to take T̂ =
−iσyK and thus we have

ThkT
−1 = −iσyKhkiσyK = σyh

∗
kσy (47)

= σy(kxσx − kyσy)σy (48)
= −kxσx − kyσy = h−k (49)

where we have used that K2 = 1, {σi, σj} = σiσj + σjσi =
δij and σ2

i = 1. In this case the Hamiltonian is time-reversal
invariant because it satisfies (39).

2. Particle-hole symmetry

We can play a similar game with the symmetry that turns
creating particles into creating holes (anhilating particles) [11]

ΨI → Ψ
′

I = (UC)∗IJΨ†J ≡ ĈΨIĈ
−1 (50)

Ĉ is also called charge-conjugation because if flips Again,
demanding that the commutation relations are preserved we
find that UC is unitary. Demanding that the second-quantized
Hamiltonian is invariant results in a condition for the single
particle hamiltonian:

U†Ch
∗UC = −h (51)

Therefore, from the perspective of h, the particle-hole operator
is an anti-unitary operator (C = UK) that anti-commutes
with the Hamiltonian. Therefore, there are again two cases
depending on whether C2 = ±1.
Following as before, it is possible to show that

1. For particle-hole symmetric H = ĈHĈ−1, if |φ〉 is an
eigenstate, so is Ĉ|φ〉 and

2. For every single-particle eigenstate at energy ε, there is
a particle-hole reversed eigenstate with energy −ε.

h|ψ〉 = ε|ψ〉
h(Ĉ|ψ〉) = −Ĉh|ψ〉

= −ε(Ĉ|ψ〉)

This operator has a classification table similar to that of
time-reversal symmetry, as shown in Table III.

particle-hole symmetry is Ĉ Ĉ2

Absent 0 -
Present +1 +1
Present −1 −1

Table II. Possibilities of particle-hole symmetry for a given system.

Following similarly as for Time-reversal symmetry we can
show that, in momentum space, the single-particle Hamilto-
nian satisfies

ChkC
−1 = −h−k (52)

or

UCh
∗
kU
†
C = −h−k (53)

a. Example: BdG Hamiltonians for superconductors have
particle-hole symmetry by definition In second-quantized
Hamiltonians of superconductors we have to deal with pairing
terms, i.e. like ∆

2 (c†c† + cc). Hence, a second-quantized
Hamiltonian with pairing terms can be written in general as

H =

N∑
IJ

Ψ̂†IhIJΨ̂J +

+
1

2

N∑
IJ

Ψ̂†I∆IJΨ̂†J + Ψ̂I∆
∗
IJΨ̂J . (54)

The first line is the typical second-quantized Hamiltonian and
the second line are superconducting pairing terms. It is con-
venient to write the second quantized Hamiltonian using a
Nambu spinor which is a combination of particles Ψ†I and
holes ΨI :

χ̂† ≡ (Ψ̂†1 · · · Ψ̂
†
N , Ψ̂1 · · · Ψ̂N ) (55)

Using (55) we can write H, which is known as the Bogoliu-
vob de Gennes (BdG) Hamiltonian, as

HBdG =
1

2

2N∑
AB

χ̂†Ah
BdG
AB χ̂B (56)

where A,B now run over 2N degrees of freedom and the
first-quantized BdG is defined as
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hBdG =

(
h ∆

∆∗ −hT .

)
where h = h† by Hermiticity of the Hamiltonian and ∆ =
−∆T by Fermi-statistics. Here comes the important part:
while Ψ̂ and (Ψ̂†)T are independent, χ̂ and (χ̂†)T are not:

(χ̂†)T =

(
(Ψ̂†)T

Ψ̂

)
= τx

(
Ψ̂

(Ψ̂†)T

)
= τxχ̂ (57)

and similarly χ̂† = χ̂T τx with

τx =

(
0N 1N
1N 0N

)
,

being the x Pauli matrix acting in particle-hole space with
N ×N blocks. Now, we can check what this property does to
our Hamiltonian:

HBdG =
1

2

2N∑
AB

χ̂†Ah
BdG
AB χ̂B (58)

=
1

2

2N∑
ABCD

χ̂C(τx)CAh
BdG
AB (τx)BC χ̂

†
C (59)

=
1

2

2N∑
AB

χ̂A(τxh
BdGτx)AB(χ̂†)B (60)

=
1

2

2N∑
AB

(τxh
BdGτx)AB(−χ̂†Bχ̂A + δAB) (61)

= −1

2

2N∑
AB

χ̂†B((τxh
BdGτx)BA)T χ̂A

+ Tr(τxh
BdGτx) (62)

By definition of the first-quantized BdGHamiltonian, the term
with the trace is zero, and we have:

τxh
t
BdGτx = τxh

∗
BdGτx = −hBdG (63)

Therefore, any BdG Hamiltonian has, by definition, particle-
hole symmetry.

3. Chiral symmetry

Lastly there is the possibility of having a combination of
both time-reversal and particle-hole symmetry to form the so
called chiral symmetry operator, Ŝ = Ĉ · T̂ (the alternative
definition Ŝ = T̂ · Ĉ amounts to a change of basis of the
Hamiltonian). In the space of Ĥ it is also an anti-unitary
symmetry that commutes with the Hamiltonian[10]

ŜHŜ−1 = H (64)

However, in first quantized space it is a unitary operator that
anti-commutes with the single-particle hamiltonian

S = US ≡ UTK(UCK) = UT (UC)∗

UShU
†
S = −h

UShkU
†
S = −hk (momentum space)

S is unitary and always squares to S2 = 1 [10] so there are
only two possibilities

chiral symmetry is Ĉ Ĉ2

Absent 0 -
Present +1 +1

Table III. Possibilities of chiral symmetry for a given system.

Lastly, as happened with particle-hole symmetry the single-
particle spectrum comes in ε,−ε pairs:

h|ψ〉 = ε|ψ〉
h(S|ψ〉) = −Sh|ψ〉

= −ε(S|ψ〉)

Specifically an zero-energy state is doubly degenerate.

4. The 10-fold way

When we combine all of the possibilities of these three dif-
ferent symmetries (we can show that they are exhaustive [10]),
we wind up with a big table as shown in Table IV.

T̂ Ĉ Ŝ

± 1 ± 1 1
± 1 ∓ 1 1
± 1 0 0
0 ± 1 0
0 0 1
0 0 0

Table IV. 10-fold classification of non-unitary symmetries

This table is known as the ten-fold way or ten-fold classifica-
tion. Depending on the dimensionality we will find different
systems have different topological properties depending on
their symmetry.
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Appendix A: Useful relations

Completeness relation:
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∑
x

e−i(q−q
′)x = Nδqq′ (A1)

Appendix B: Kramers theorem

We want to show that T |φ〉 and |φ〉 are orthogonal. Con-
sider:

〈Tφ|Tψ〉 =
∑
mpr

(UmpKφp)∗ UmrKφr (B1)

=
∑
mpr

U∗mpφpUmrφ
∗
r (B2)

=
∑
pr

φpδprφ
∗
r (B3)

= 〈ψ|φ〉 (B4)

If |ψ〉 = T |φ〉 and T 2 = −1we obtain 〈Tφ|φ〉 = −〈Tφ|φ〉 =
0, so the two states are orthogonal. They have the same energy,
per Eq. (34).

Appendix C: Pauli matrices

σx =

(
0 1
1 0

)

σx =

(
0 −i
i 0

)

σx =

(
1 0
0 −1

)
These matrices satisfy the following properties: σ2

i = 1,
σi, σj = 2δij and σi, σj = 0 and [σi, σj ] = 2iεabcσc and
σi, σj = 0, where εabc is the Levi-Civita symbol.

Appendix D: Exact results for two-band Hamiltonians

Any first-quantized two-band Bloch Hamiltonian can be
written as

h = ~dk · ~σ + εk · 1 (D1)
(D2)

The energies can be calculated exactly by squaring the Hamil-
tonian and using the properties of Pauli matrices:

E±k = ±
√
~d2
k + εk. (D3)

The exact eigenvectors take the form:
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